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A famous conjecture of Erdiis says: If X is a set of positive integers such 
that C,, x (l/x) = 00, then X contains arithmetic progressions of arbitrary 
finite length. 
In connection with this Brown and Freedman [l] considered several 
discrete structures similar to arithmetic progressions, but of a less rigid 
nature. One of those were monoton waves: 
DEFINITION. Let k be a positive integer. A sequence (Xi)i<k of non- 
negative integers with x0 < . . . < xk - , is 
(i) an ascending wave iff 
xi-xi-,<xi+,-xi for O<i<k-1. 
(ii) a descending waue iff 
Xj-Xi-12Xj+1-xi for Oci-zk- 1. 
THEOREM 1 [l]. Let X be a set of positive integers such that 
C,, x (l/x) = co. Then X contains descending waves of arbitrary finite 
length. 
For positive integers k, 12 2 let o(k, I) denote the least positive integer 
such that for every integer n 2 o(k, I) every sequence (xi)[<,, of nonnegative 
integers with x0 < . . . < x,- r contains a subsequence which is either a 
k-term ascending wave or an I-term descending wave. Clearly o(k, 2) = 
42, I) = 2. 
Brown and Freedman proved the following upper bound for the 
diagonal numbers o(k, k): 
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THEOREM 2 [l]. ~(k,k)<2~-~.(k-l)!for aIlk 
In this paper the exact value of o(k, k) is determined by using weak 
versions of Ramsey’s theorem, namely, the so-called sequential partition 
relations. 
Let i be a positive integer and let X be a set of integers. By [Xl’ we 
denote the set of all j-element subsets of X. Let d : [Xl’- (0, l} be a 
coloring. A subset {x0, . . . . x,- , > E X with x0 < . .. < x,-, is sequential 
monochromatic (w.r.t. d) iff 
for all i = 0, . . . . t - 1 - j. 
For positive integers j, k, I let r,(k, I) denote the least positive integer 
such that for every coloring A : [ { 0, . . . . rj(k, I) - 1 } 1’ + { 0, 1 } there exists 
a k-element subset S, c (0, . . . . rj(k, I) - 1 } which is sequential 
monochromatic in color 0 or there exists an Z-element subset 
s, E (0, . . . . rj(k, I) - 1 } which is sequential monochromatic in color 1. 
Rado [3] determined the exact values of rj(k, I) for j= 2, 3. For j> 3 
only a very little is known. 
THEOREM 3 [3]. (i) r,(k,Z)=(k-l).(Z-l)+l 
(ii) r,(k, I) = (“Li;“) + 1. 
Part (i) of this result refers to the well-known theorem of Erdijs and 
Szekeres [2] that every injective sequence of (k - 1) . (I - 1) + 1 terms 
either contains a k-term ascending subsequence or an Z-term descending 
subsequence. 
Part (ii) of Theorem 3 enables us to determine the exact value of o(k, I). 
THEOREM 4. w(k, I) = (kk+i;4) + 1. 
Proof of Theorem 4. We show first by induction on (k, I) the inequality 
Let k, I > 2 be integers and suppose that (*) is valid for all pairs 
(k’, I’) < (k, I). For sequences (x~)~<~ of nonnegative integers write 
shorthand 
(xih<n Wk 0 
for the statement: the sequence (x~)~<,, neither contains a k-term ascending 
wave nor an Z-term descending wave. 
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Put r = o(k - 1, I) - 1 and s = o(k, I- 1) - 1. Take sequences (x~)~<, and 
(Yilics of nonnegative integers with x0 < . . . < x, _ I and y, < . . . < y, _ 1 
satisfying: 
(xi)i-cr++,(k- l9 4 
(Yi)i-zx++(k, 1-l). 
Put d=x,-r--yo+l+max{x,-,-x,, y,-,-y,}. Concatenating the 
sequences (x~)~<~ and ( yi + &, s yields 
(xi)i<.O(Y,+d),<,~(k,I), 
since the property of containing a monoton wave is translation invariant 
and d is large enough. By the inductive hypothesis we have 
o(k,I)>w(k-l,I)+o(k,I)-12 
We show next the other inequality 
Put o = (“:A;*) + 1. Take a sequence (x~)~<~ of nonnegative integers with 
x,< ... <X,-l and consider the coloring A: [ {0, . . . . o - 1 }I’ + (0, 1 } 
defined by 
A((i,j,k),)=O iff xi-xi<xk-xi. 
By Theorem 3(ii) there exists a k- (resp. I-) element subset ZE (0, . . . . o- l} 
which is sequential monochromatic in color 0 (resp. 1). Then the 
corresponding subsequence (x~)~~, with xi< xi for i< j is a k-term 
ascending (resp. Z-term descending) wave. 1 
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